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Abstract—Cell-free (CF) massive multiple-input multiple-
output (MIMO) and reconfigurable intelligent surface (RIS)
are two promising technologies for realizing future beyond-fifth
generation (B5G) networks. In this paper, we consider a practical
spatially correlated RIS-aided CF massive MIMO system with
multi-antenna access points (APs) over spatially correlated fading
channels. Different from previous work, the electromagnetic in-
terference (EMI) at RIS is considered to further characterize the
system performance of the actual environment. Then, we derive
the closed-form expression for the system spectral efficiency (SE)
with the maximum ratio (MR) combining at the APs and the
large-scale fading decoding (LSFD) at the central processing unit
(CPU). Moreover, to counteract the near-far effect and EMI,
we propose practical fractional power control (FPC) and max-
min power control algorithms to further improve the system
performance. We unveil the impact of EMI, channel correlations,
and different signal processing methods on the uplink SE of user
equipments (UEs). The accuracy of our derived analytical results
is verified by extensive Monte-Carlo simulations. Our results
show that the EMI can substantially degrade the SE, especially
for those UEs with unsatisfactory channel conditions. Besides,
increasing the number of RIS elements is always beneficial in
terms of the SE, but with diminishing returns when the number
of RIS elements is sufficiently large. Furthermore, the existence
of spatial correlations among RIS elements can deteriorate the
system performance when RIS is impaired by EMI.

Index Terms—Reconfigurable intelligent surface, cell-free mas-
sive MIMO, electromagnetic interference, spatial correlation,
spectral efficiency.

I. INTRODUCTION

THE goal of the fifth-generation (5G) wireless network-
s is to increase the network capacity by a factor of

1,000 compared to previous generations of networks, pro-
viding ubiquitous wireless connectivity to at least 100 bil-
lion devices worldwide [1]. Recently, with the large-scale
commercial deployment of 5G around the world, the global
industry has begun to conduct preliminary research on the
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sixth-generation (6G) of mobile communication technology
[2]. In the last few decades, several new technologies have
been introduced including millimeter-wave communications
[3], massive multiple-input multiple-output (MIMO) [4], and
network densification [5]. Among them, massive MIMO is
the most appealing that has attracted much attention as it
can guarantee excellent quality of services to numerous users
in the networks. Furthermore, in various scenarios, the net
throughput of massive MIMO systems can approach the
Shannon capacity via simple linear processing techniques such
as zero-forcing (ZF) or maximum ratio (MR) processing [6].
Besides, massive MIMO architectures enjoy the advantage of
low-backhaul requirements as the base station (BS) antennas
are installed in a form of a compact array. However, traditional
cellular networks suffer from severe inter-cell interference. In
particular, users at cell borders suffer from both high inter-
cell interference and path loss leading to degraded system
performance [7]. As such, novel advanced signal processing
methods are needed to overcome the inter-cell interference
inherent in traditional cellular network deployments.

Cell-free (CF) massive MIMO has recently been introduced
as a promising future technology for realizing beyond-5G
wireless communication systems [8]. Indeed, CF massive
MIMO is a network architecture consisting of a large number
of geographically distributed access points (APs), which are
connected to the central processing unit (CPU) and coherently
serve all the user equipments (UEs) by performing spatial
multiplexing on the same time-frequency resources [9]. There-
fore, CF massive MIMO is a major leap of massive MIMO
technology to mitigate inter-cell interference, which is the
fundamental performance limitation of dense cellular networks
[9]–[11]. Recently, a large number of important aspects and
fundamentals of CF massive MIMO have been studied to
unlock the potential of this architecture. For example, [12],
[13] studied the system performance that relies on a distributed
implementation with the MR processing. Also, the authors
in [14] introduced the partially and fully centralized signal
processing in CF massive MIMO systems with minimum mean
square error (MMSE) combining schemes that can achieve
higher spectral efficiency (SE). Besides, the two-layer decod-
ing method for CF massive MIMO is considered an effective
decoding scheme with the MR/MMSE combining methods
adopted in the first layer decoder and the large-scale fading
decoding (LSFD) method applied to the second layer decoder
[15], [16]. Despite the various advantage and potential, Cell-
Free massive MIMO still cannot guarantee an appropriate
quality of service (QoS) under harsh propagation conditions,
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such as in the presence of poor scattering environments or
severe signal attenuation caused by the presence of large
obstacles [17]. Meanwhile, with the skyrocketing demand for
wireless data throughput, other advanced technologies are also
required to satisfy the ever-stringent QoS requirement.

Reconfigurable intelligent surface (RIS) is an emerging
technology that is capable of shaping the radio waves at the
electromagnetic level without applying sophisticated digital
signal processing methods and active power amplifiers [18].
Specifically, with massive reflective and refractive elements
at RIS, effective passive beamforming can be performed by
altering the phase of the reflected impinging signals to realize
reconfigurable wireless channels/radio propagation environ-
ments [19]–[22]. Besides, RIS is fabricated with low-power
and low-cost which can be flexibly deployed to assist users
with unsatisfactory channel conditions to improve communica-
tion quality [23], [24]. Due to its unique fabrication, RIS also
poses many properties that are different from the traditional
uniform linear array (ULA). For example, [25] proposed a sinc
function-based model to capture the spatial correlations that
are determined by the spacing between two neighboring RIS
elements. Besides, in [26], the authors explored the scenario of
having electromagnetic interference (EMI) impinging on RIS
and pointed out its significant impact on the system perfor-
mance. Therefore, in RIS-assisted systems, it is particularly
important to consider the existence of EMI and the inherent
characteristics of RIS, such as the spatial correlation caused
by subwavelength element sizes.

Recently, some works have focused on how to jointly exploit
the advantages of CF massive MIMO and RIS to further
improve communication performance [27]–[29]. For instance,
in [28], a joint precoding framework for RIS-aided CF massive
MIMO systems was proposed to improve the UE communica-
tion quality. Besides, in [27] the authors studied an RIS-aided
CF wireless energy transfer (WET) framework to improve the
system capacity and energy efficiency. Furthermore, in [17] the
author introduced an aggregated channel estimation approach
and investigate the RIS-aided CF massive MIMO systems with
MR combining over spatially-correlated channels. However,
[17] considered the Rayleigh fading model of UE-RIS and
RIS-AP channels that is not generally valid. In practice, the
RIS is generally deployed such that a direct line-of-sight
path can be established to obtain better performance gains
[30]. In other words, the Rayleigh fading model adopted in
[17], [31] fails to capture this important characteristic. Also,
[17] adopted single-layer signal processing, which certainly
limits the CF massive MIMO system performance. On the
other hand, a common practice in the design of RIS is to
only consider the signals generated by the desired system
and thereby ignore the EMI or “noises” that is inevitably
presented in the communication environment [32]. Also, in
[33], the authors studied the RIS-assisted ultra-reliable low-
latency communication (URLLC) in the presence of EMI and
the results showed that its existence can reduce the system
performance significantly. Besides, the authors considered the
physical layer security of RIS-assisted communications and
showed the potential of EMI-type interference in degrading
the physical layer security in [34]. In particular, there is a large

amount of EMI in CF massive MIMO systems, which would
seriously affect the system performance [4]. In other words,
existing theoretical analyzes from the previous research are
not applicable to RIS-aided CF massive MIMO systems with
EMI. As such, the performance limits of RIS-aided CF massive
MIMO systems should be carefully analyzed and designed.

Motivated by the aforementioned observation, we investi-
gate the performance of the RIS-aided CF massive MIMO
system over spatially correlated channels with spatial EMI
impinging RIS. More specifically, we propose the MMSE-
based channel estimation to estimate the aggregated channels
between the APs and the UEs. Local processing with MR
combining method at the APs and centralized LSFD at CPU
are considered in the uplink data transmission. In particular,
the uplink performance of the CF massive MIMO system
and RIS-aided CF massive MIMO system without EMI are
analyzed for comparison. Then, we design two power control
optimization algorithms to compensate for the effects of EMI.
The specific contributions of the work are listed as follows:

• We first derive the closed-form expression for the uplink
SE of the RIS-aided CF massive MIMO system over spa-
tially correlated channels taking into account spatial EMI.
Our results show that the EMI at RIS has a significant
impact on the system performance, especially for the UEs
with poor channel conditions. Thus, effective interference
cancellation schemes, e.g., LSFD cooperation, are critical
for improving the system performance. In addition, the
RIS-aided CF massive MIMO system achieves higher
uplink SE performance than the counterpart without RIS,
especially for the edge UEs, the improvement is signifi-
cant.

• We analyze the effect of different system parameters
and RIS characteristics on the performance, such as the
number of AP antennas, RIS elements, spatial correlation,
and RIS location. We find that increasing the number of
AP antennas magnifies the negative impact of EMI and
increasing the number of RIS elements are always bene-
ficial, but with diminishing returns when the number of
RIS elements is sufficiently large. Besides, the existence
of spatial correlation of RIS elements degrades the system
performance, which is even more pronounced when EMI
is considered.

• We design the fractional power control method and the
max-min power control algorithm to alleviate the negative
impacts of EMI to further improve the system perfor-
mance for practical implementation. The results show that
the proposed power control schemes can further improve
the SE of the UEs with poor performance. However, when
the EMI power increases, the efficacy of the two power
controls decreases. As such, it is particularly important to
deploy the RIS in a low EMI environment for RIS-aided
CF massive MIMO systems.

The rest of this paper is organized as follows. In Section II,
we describe the RIS-aided CF massive MIMO system model
incorporating the combined effects of spatial correlation, EMI,
and channel estimation error. Next, Section III presents the
achievable uplink SE of the considered system in the exis-
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Fig. 1: An RIS-aided CF mMIMO system with EMI.

tence of EMI and designs two power control algorithms to
compensate the performance degradation caused by the EMI.
Then, numerical results and performance analysis are provided
in Section IV. Finally, Section V concludes this paper.

Notation: The superscripts xH and x∗ are used to represent
conjugate transpose and conjugate, respectively. The matrices
and column vectors are denoted by boldface uppercase let-
ters X and boldface lowercase letters x, respectively. The
mod (·, ·), ∥·∥, and ⌊·⌋ denote the modulus operation, the
Euclidean norm and the truncated argument, respectively.
tr (·), E {·}, and Cov {·} are the trace, expectation and co-
variance operators. ⊗ denotes the Kronecker products. We
use diag (a1, · · · , an) to denote a block-diagonal matrix with
the square matrices a1, · · · , an on the diagonal. Finally, the
circularly symmetric complex Gaussian random variable x
with variance σ2 is denoted by x ∼ CN

(
0, σ2

)
.

II. SYSTEM MODEL

As shown in Figure 1, we consider a RIS-aided CF mMIMO
system consisting of M APs, K UEs, one RIS, and a CPU.
We consider that each AP is equipped with L antennas and
each UE is equipped with a single antenna. All the APs are
connected to the CPU via fronthaul links and serve all the
UEs via the same time and frequency resources.1 The RIS has
N reflective elements that can introduce some phase shifts
to the incident signals [35]. Besides, we consider that there
exists some EMI at the RIS as EMI inevitably presents in
any environment [32]. Without loss of generality, the standard
time division duplex (TDD) protocol is adopted in our system,
where the length of each coherence time block is denoted as
τc. We consider that τp symbols are exploited for the channel
estimation phase in the uplink and τu = τc − τp symbols are
utilized for data transmission. The channel model, the channel
estimation method, and the uplink data transmission phase are
then given in the following section.

A. Channel Model

We assume a quasi-static block fading model such that in
each coherence time block the channels are frequency flat and
static. In Figure 1, the channels are divided into two types:

1By adopting the central processing, the CPU can utilize the global
information from all the involved APs and optimize the signal decoding
coefficients with the global information to achieve a better system performance
at the expense of higher complexity and more fronthaul signaling overhead
[14].

the direct link from the UE to the AP and the cascaded link
through RIS. Let gmk ∈ CL denote the direct link channel
between UE k and AP m. Variable Hm ∈ CN×L denotes the
channel matrix from the RIS to AP m and zk ∈ CN denotes
the channel from UE k to the RIS, respectively. We consider a
realistic model to capture the spatial correlation among the RIS
scattering elements [25], which is due to the sub-wavelength
element sizes, sub-wavelength inter-element-distances, and
geometric layout. Meanwhile, the spatial correlation at the AP
multiple antennas is also considered in this paper. In [17], the
authors assume all the channels are Rayleigh fading, while in
practice, RIS is usually deployed such that there is a direct
path experiencing Rician fading between AP-RIS and UE-
RIS for communication enhancement. On the other hand, the
channels between the UEs and the APs lack a direct path
due to the multi-scatterer distribution in an urban environment.
Hence, we focus on a general case that AP-UE channels are
Rayleigh fading whereas RIS-UE and AP-RIS channels are
Rician fading. Then, the channels gmk, zk, and Hm can be
modeled as

gmk ∼ CN (0,Rmk) , ∀m, k, (1)

Hm = H̄m + H̃m, zk = Θkz̄k + z̃k, ∀m, k, (2)

where Rmk ∈ CL×L is the spatial correlation matrix of the
antennas at AP m and βmk = tr (Rmk)/L is the large-scale
fading coefficient between AP m and UE k. H̄m ∈ CN×L

and z̄k ∈ CN represent the deterministic LoS component of
the corresponding AP-RIS and RIS-UE channels, respectively.
H̃m ∼ CN

(
0, R̃m

)
and z̃k ∼ CN

(
0, R̃k

)
are the NLoS

components, where the spatial covariance matrices R̃m ∈
CNL×NL and R̃k ∈ CN×N are given by [16]

R̃m =
1

LNβm

(
RT

m ⊗Rr

)
, (3)

R̃k = βkArR, (4)

respectively, where βm and βk denote the large-scale fad-
ing coefficients from AP m and UE k to RIS, respec-
tively. Note that Rm ∈ CL×L and Rr = βmArR denote
the correlation matrices of the AP side and RIS side, re-
spectively. Ar = dHdV denotes the area of each RIS
element, where dH and dV are the horizontal width and
the vertical height of each RIS element, respectively. R ∈
CN×N denotes the spatial correlation of the RIS which has
the (m′, n′)-th element as [R]m′n′ = sinc (2 ∥um′ − un′∥/λ),
where sinc (y) = sin (πy)/(πy) denotes the sinc func-
tion and λ denotes the carrier wavelength [25]. Besides,
ux=[0,mod(x−1, NH) dH , ⌊(x−1)/NH⌋ dV ]T, x∈{m′, n′}
is the position vector, where NV and NH are the num-
bers of elements at RIS in each column and row, re-
spectively, such that N = NH ×NV . Moreover, Θk =
diag

(
ejθ1k , · · · , ejθNk

)
∈ CN×N , where θnk ∈ [−π, π] is the

phase-shift of the LoS component between UE k and the n-th
element of RIS caused by the small changes in the location of
UE k [15]. We assume that all the elements of Θk are identical
[15] such that the LoS component in (2) can be written as
z̄ke

jθk .
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Let Φ = diag
(
ejφ1 , ejφ2 , · · · , ejφN

)
denote the phase shift

matrix of the RIS, where φn ∈ [−π, π] , ∀n ∈ {1, . . . , N},
denotes the phase shift introduced by the n-th RIS element.
Thus, the total uplink aggregated channel between AP m and
UE k can be formulated as

omk = gmk +HH
mΦzk,∀m, k, (5)

which consists of a cascaded link reflected by the RIS and
a direct link between AP m and UE k. Through simple
mathematical derivation, the end-to-end channel between AP
m and UE k via the RIS is obtained as

omk = gmk +HH
mΦzk

= gmk +
(
H̄m + H̃m

)H
Φ
(
z̄ke

jθk + z̃k
)

= H̄H
mΦz̄k︸ ︷︷ ︸
ōmk

ejθk

+ gmk + H̄H
mΦz̃k + H̃H

mΦz̄ke
jθk + H̃H

mΦz̃k︸ ︷︷ ︸
õmk

. (6)

We assume that UEs move slowly such that the LoS compo-
nent ōmk is slow time-varying and is known at the APs [15].
In the following, we first analyze the second-order statistic of
the unknown õmk that will be handy for the analysis in the
sequel.

Theorem 1. The covariance matrix of the second term õmk

in (6) can be obtained as

E
{
õmkõ

H
mk

}
=Rmk+H̄H

mΦR̃kΦ
HH̄m+Q1

mk+Q2
mk︸ ︷︷ ︸

Ro
mk

. (7)

Proof: The proof is given in Appendix A.

Remark 1. Note that since the mean and covariance matrix
of the aggregated channel omk can be obtained at AP m in
each coherence time block, we can utilize them to estimate the
end-to-end aggregated channel in the later section.

B. Electromagnetic Interference Model

The EMI is produced by a superposition of a continuum
of incoming plane waves that are generated by some external
sources. In [26], the authors have shown that EMI at RIS
has a significant impact on communication performance which
cannot be ignored. In particular, the EMI at RIS is modeled
as

n ∼ CN
(
0, Arσ

2
rR
)
, (8)

where Ar denote the area of each RIS element and R is the
spatial correlation matrix of RIS, respectively. σ2

r is the EMI
power at RIS. To proceed further, we define [26]

ρ =

pmax

M∑
m=1

βm

Mσ2
r

, (9)

where pmax denotes the maximum transmit power of the UEs
which have the same maximum power. ρ corresponds to the
ratio between the received signal power and the EMI power

at each antenna element of the RIS, which is to facilitate the
description of the EMI power.

Remark 2. The correlation of RIS in [25] shows that the
correlation does not exist only when the RIS are positioned
along a straight line at a spacing of an integer multiple of λ

2 ,
which can never happen with a practical two-dimensional RIS.
Therefore, it is necessary to consider the effect of EMI with
spatial correlation at the RIS elements. Besides, from (8), we
find that both Ar and R are affected by the size of each RIS
element and the increases of spatial correlation can increase
the impact of EMI.

C. Uplink Pilot Training and Channel Estimation

We adopt τp pilot sequences which are mutually orthogonal
for channel estimation in each coherence time block. All the
UEs share the same τp orthogonal uplink pilot sequences [14].
In particular, the pilot sequence of UE k is denoted by ϕk ∈
Cτp and satisfies ∥ϕk∥2 = τp. Let Pk denote the index subset
of the UEs which adopts the same pilot sequence as UE k
including itself as K > τp. Different from the ideal assumption
adopted in [17], [20], [28], there are ambient electromagnetic
waves in the space and would also be reflected by the RIS and
eventually received by the APs [26]. Considering the EMI, the
received signal Xp

k ∈ CN×τp at the RIS is

Xp
k = zkϕ

T
k +N, (10)

where N ∈ CN×τp denotes the EMI collected over the
τp samples, produced by the impinging and uncontrollable
electromagnetic waves, with n = N (:,) ∼ CN

(
0, Arσ

2
rR
)
.

The signal transmitted by UE k is reflected by the RIS and
the received signal Yp

mk ∈ CL×τp at AP m can be written as

Yp
mk =

√
p̂kH

H
mΦXp

k +
√

p̂kgmkϕ
T
k +Nm

=
√
p̂k
(
HH

mΦzk + gmk

)
ϕT

k +HH
mΦN+Nm

=
√
p̂komkϕ

T
k +HH

mΦN+Nm, (11)

where p̂k is the pilot transmit power of UE k, Nm ∈ CL×τp

is the additive noise with independent CN
(
0, σ2

)
entries, and

σ2 is the noise power. Then, the signals from all the UEs
received at AP m can be written as

Yp
m =

K∑
k=1

√
p̂komkϕ

T
k+HH

mΦN+Nm. (12)

Then, we multiply the received signal by ϕ∗
k at AP m to

estimate omk and the results can be obtained as [16]

yp
m = Yp

mϕ∗
k =

K∑
k=1

√
p̂komkϕ

T
kϕ

∗
k+
(
HH

mΦN+Nm

)
ϕ∗

k

=
∑
k∈Pk

√
p̂kτpomk +

(
HH

mΦN+Nm

)
ϕ∗

k

=
√
p̂kτpomk +

∑
i∈Pk\{k}

√
p̂iτpomi + np

mk, (13)

where np
mk =

(
HH

mΦN+Nm

)
ϕ∗

k denotes the total noise at
AP m. Note that the noise here is different from traditional
one as in [27]–[29]. The noise generated by EMI reaches AP
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m through channel Hm, so its covariance matrix is affected
by the channel state information (CSI) from RIS to APs. Then,
we derive the covariance matrix of the effective noise for later
analysis.

Theorem 2. The covariance matrix of the noise np
mk at AP

m in (13) can be obtained as

E
{
np
mk(n

p
mk)

H
}
= τpRmm + τpσ

2IL. (14)

Proof: The proof is given in Appendix B.

Remark 3. Note that the covariance matrix of the EMI
np
mk including two parts: matrix Rmm and Gaussian noise

IL. Rmm is affected by RIS spatial correlation and RIS-AP
channels. It is clear that the increase of spatial correlation
will lead to the increase of Rmm and the degradation of
performance.

Based on (13) and (14), if ōmk, Ro
mk, Rmm, and θk are

available at AP m, we utilize the MMSE channel estimator in
[15] to estimate the effective channel omk as

ômk = H̄H
mΦz̄ke

jθk +

√
p̂kR

o
mk (y

p
mk − ȳp

mk)∑
i∈Pk

piτpRo
mi +Rmm + σ2IL

= ōmke
jθk +

√
p̂kR

o
mkΨ

−1
mk (y

p
mk − ȳp

mk) , (15)

where ȳp
mk =

∑
i∈Pk

√
p̂iτpōmie

jθi and Ψmk =∑
i∈Pk

p̂iτpR
o
mi +Rmm +σ2IL. The estimated channel ômk

and the estimation error õmk = omk − ômk are independent
random variable with

E {ômk |φk } = ōmke
jφk , Cov {ômk |φk } = p̂kτpΩmk,

E {õmk} = 0, Cov {õmk} = Cmk, (16)

where Ωmk = Ro
mkΨ

−1
mkR

o
mk and Cmk = Ro

mk −
p̂kτpR

o
mkΨ

−1
mkR

o
mk. 2

III. UPLINK DATA TRANSMISSION AND PERFORMANCE
ANALYSIS

The existing CF massive MIMO system is a three-tier
structure composed of the CPU, APs, and UEs. The RIS-
aided CF mMIMO system introduces an extra RIS layer which
adds a cascading link. To the best of the authors’ knowledge,
recent works for uplink analysis of RIS-aided CF mMIMO
system consider the classical AP local processing structure,
e.g., [17], [28], [36], and the EMI at RIS is ignored. In this
section, we first consider the impact of EMI on RIS and
introduce a process of detecting the uplink transmitted signals
by utilizing the channel estimation method introduced in the
previous section. Then, we utilize the AP local MR combining
and the LSFD at the CPU and derive an asymptotic closed-
form expression of the uplink SE.3

2The MMSE channel estimator can minimize the channel estimation error
and provides a satisfactory system performance in CF massive MIMO system
in [15]. The MMSE channel estimation still performs well when EMI is
considered.

3There are many performance indicators that can be adopted to describe the
performance of the system, e.g., bit error rate (BER), outage probability (OP),
and SE. The BER and OP are mainly used to obtain insights into the reliability
of the system. In this paper, we aim to explore the system effectiveness and
SE is a suitable metric to capture this important measure.

A. Uplink Data Transmission

In the uplink, we consider that the UEs transmit the uplink
data to all the APs simultaneously. Due to the existence of
EMI, we first obtain the received signal xu

k ∈ CN from UE k
at RIS as

xu
k = zksk + n, (17)

where sk ∼ CN (0, pk) denotes the uplink signal transmitted
by UE k with power pk = E{|sk|2}. n ∼ CN

(
0, Arσ

2
rR
)

denotes the additive EMI noise. Then, the received signal
ymk ∈ CL at AP m can be divided into the path reflected
from the RIS and the one directly transmitted from UE k,
which is expressed as

ymk = HH
mΦxu

k + gmksk + nm

=
(
HH

mΦzk + gmk

)
sk +HH

mΦn+ nm, (18)

where nm ∼ CN
(
0, σ2IL

)
denotes the additive noise. Since

there are K UEs, the total received signal ym ∈ CL at AP m
can be obtained as

ym =
K∑

k=1

(
HH

mΦxk + gmk

)
sk +HH

mΦn+ nm

=
K∑

k=1

omksk +HH
mΦn+ nm. (19)

We consider that each AP can process the uplink data locally
and intermediately with a combining vector [14], [37]. We
adopt vmk ∈ CL denoting the combining vector which is
designed by AP m for UE k and then AP m can obtain the
local estimate of sk as

s̃mk = vH
mkym =

K∑
k=1

vH
mkomksk + vH

mkH
H
mΦn+ vH

mknm.

(20)

Any linear combining vector is available for (20) and the local
channel state information (CSI) in AP m can be used to design
vmk. Here, we consider the MR combining with vmk = ômk

due to its simplicity [37]. After the MR combining, all the
APs convey the local estimates s̃mk in (20) to the CPU.
To further mitigate the inter-user interference [14], s̃mk are
linearly weighted with the weight coefficients a∗mk ∈ C at the
CPU as

ŝk =

M∑
m=1

a∗mks̃mk =

M∑
m=1

a∗mkv
H
mkomksk

+

M∑
m=1

a∗mk

 K∑
i ̸=k

vH
mkomlsi

+

M∑
m=1

a∗mkv
H
mknm

+
M∑

m=1

a∗mkv
H
mkH

H
mΦn

= aHk ukksk +
K∑
i ̸=k

aHk ukisi + nk + nEMI,k, (21)

where uki = [vH
1ko1i, · · · ,vH

MkoMi]
T ∈ CM and ak =

[a1k, · · · , aMk]
T ∈ CM denotes the LSFD coefficient vector.
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γEMI(1)

k =
pk
∣∣tr (AH

k Zk

)∣∣2
K∑
i=1

pitr
(
AH

k ΞkiAk

)
+

∑
i∈Pk\{k}

piΓki + tr
(
AH

k WkAk

)
+ tr

(
AH

k (σ2Zk − pkJ2
k)Ak

) . (24)

The main difference in (21) compared to [14], [38] is that the
noise term consists of two parts. nk =

∑M
m=1 a

∗
mkv

H
mknm

and nEMI,k =
∑M

m=1 a
∗
mkv

H
mkH

H
mΦn denote the noise at all

the APs and the EMI reflected by the RIS, respectively.

B. Performance Analysis

In this section, we analyze the uplink performance of the
RIS-aided CF massive MIMO system with the MR combining
scheme and LSFD, then investigate the impact of spatial
correlation and EMI. Based on (21), the uplink achievable
SE lower bound of UE k can be obtained by utilizing the
use-and-then-forget (UatF) bound [14] as follows

SEk =
τu
τc

log2 (1 + γk) , (22)

with the effective signal-to-interference-plus-noise ratio (SIN-
R) γk given by

γk=
pk
∣∣aHk E {ukk}

∣∣2
aHk

(
K∑
i=1

piTki−pkE{ukk}E
{
uH
kk

}
+σ2Dk+UEMI

k

)
ak

,

(23)

where Tki = [E{vH
mkomio

H
m′ivm′k} : ∀m,m′] ∈ CM×M

denotes the inter-user interference caused by the pilot con-
tamination and CSI imperfection. The noise at all the APs
is obtained as Dk = diag(E{∥v1k∥2}, · · · ,E{∥vMk∥2}) ∈
CM×M , and the effect of EMI at RIS is denoted as UEMI

k =

diag(E{∥vH
1kH

H
1 Φn∥2}, · · ·,E{∥vH

MkH
H
MΦn∥2})∈CM×M .

Various previous work on RIS-aided CF mMIMO system
considered the application of local processing at the APs and
a simple centralized decoding at the CPU [17], [28], [31] for
simplicity. Yet, it greatly limits system performance. Here, we
adopt LSFD at the CPU compared with the simple centralized
decoding to further improve the system performance and
derive the closed-form of uplink SE.

1) Large Scale Fading Decoding (LSFD): In this case,
each AP preprocess its signal by computing local channel
estimation of the received data that are then conveyed to the
CPU for final decoding. Notice that ak can be optimized
to maximize the SE by the CPU, but only channel statistics
are available since the CPU does not have knowledge of the
channel estimates. In [14], this approach is known as LSFD
in cellular massive MIMO which can be applied here.

Theorem 3. The closed-form expression for the uplink SE of
UE k is given by (22), where the SINR with LSFD is expressed
as (24) at the top of this page. Then, the desired signal can

be expressed by the following formula

Ak = diag (a1k, · · · , aMk) ∈ CM×M , (25)

Zk = diag (z1k, · · · , zMk) ∈ CM×M , (26)

zmk = tr
(
pkτpΩmk + ōmk(ōmk)

H
)
. (27)

Also, the definition of non-coherent interference ξki is shown
as

Ξki = diag (ξ1,ki, · · · , ξM,ki) ∈ CM×M , (28)

ξm,ki = p̂kτptr (R
o
miΩmk) + ōH

mkR
o
miōmk

+ p̂kτpō
H
miΩmkōmi +

∣∣ōH
mkōmi

∣∣2. (29)

The coherent interference Γki is shown as

Γki = p̂kp̂iτ
2
p |tr (Ak∆ki)|2, (30)

∆ki = diag (ϖ1,ki, · · · , ϖM,ki) ∈ CM×M , (31)

ϖm,ki= tr
(
Ro

miΨ
−1
mkR

o
mk

)
. (32)

Finally, the noise at all the APs and the EMI at RIS is shown
as

Jk = diag
(
∥ō1k∥2, · · · , ∥ōMk∥2

)
, (33)

Wk= diag (w1k, · · · , wMk) , (34)

wmk= ōH
mkRmmōmk+p̂kτ

2
p tr
((
Ψ−1

mk

)H
(Ro

mk)
H
RmmRo

mk

)
.

(35)

Proof: The proof is given in Appendix C.
Furthermore, to maximize the effective SINR in (24), the

CPU can utilize LSFD to optimize ak as

ak =

(
K∑
i=1

piTki − pkE {ukk}E
{
uH
kk

}
+ σ2Dk

+UEMI
k

)−1E {ukk} . (36)

Then, the SINR in (23) can be derived as

γk
EMI(1) = pkE

{
uH
kk

}
×

(
K∑
i=1

piTki

−pkE {ukk}E
{
uH
kk

}
+ σ2Dk +UEMI

k

)−1E {ukk} . (37)

Proof: The proof of (36) and (37) can be easily derived
following from the standard results of matrix derivation in [15]
and is therefore omitted.

2) Simple Centralized Decoding: In this case, the received
signals at each AP were processed with MR combining,
then sent to the CPU where the signal from different APs
was processed with simple centralized decoding [14], [16].
Actually, it is just a special case of LSFD and the coefficient
is written as ak = [1, · · · , 1]T ∈ CM×1.
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γEMI(2)

k =
pk|tr (Zk)|2

K∑
i=1

pitr (Ξki) +
∑

i∈Pk\{k}
pip̂kp̂iτ2p |tr (∆ki)|2 + tr (Wk) + tr (σ2Zk − pkJ2

k)

. (38)

γk =
pk
∣∣tr (AH

k Zk

)∣∣2
K∑
i=1

pitr
(
AH

k ΞkiAk

)
+

∑
i∈Pk\{k}

piΓki + tr
(
AH

k (σ2Zk − pkJ2
k)Ak

) . (39)

Corollary 1. For adopting a simple centralized decoding at
the CPU, the closed-form expression for the uplink SE of UE k
is given by (22), where the SINR is expressed as (38) at the top
of this page. For comparison, we also provide a closed-form
expression (39) without EMI at the top of this page.

Proof: The proof is given in Appendix C.

Remark 4. Note that the EMI and the spatial correlation via
the RIS affect the system performance via Rmm expressed in
a closed-form in (24). By reducing the spatial correlation of
RIS elements or the power of EMI, the reduction of the norm
of Rmm leads to the reduction of the denominator in (24),
and the system performance is improved. Besides, reducing
the spatial correlation of RIS elements can increase Ro

mk,
which leads to the increase of the numerator in (24), also, the
system performance is improved.

Remark 5. In CF mMIMO systems, the spatial correlation
of the AP antennas is beneficial to the SE [37], while in
our system, the aggregated channel and the EMI consists the
interaction between Rmk and R. As such the conclusion in
[37] may no longer hold, especially when the RIS elements
are strongly correlated.

C. Power Control Schemes

The EMI affects the performance of UEs differently in the
RIS-aided CF network because of the different locations of
the UEs. Therefore, the impacts of EMI can be reduced by the
design of power allocation, exploiting the different propagation
conditions of the UEs.

1) Fractional Power Control: In general, the system perfor-
mance is limited by the near-far effects. Transmitting signals
at full power not only wastes energy resources, but also causes
severe inter-user interference. To address this issue, we extend
the FPC scheme proposed in [39] to the considered RIS-
aided CF massive MIMO system. Specifically, the FPC scheme
for the RIS-aided CF massive MIMO system based on the
equivalent large-scale fading coefficients of the considered UE,
which captures the average signal strength from the UE to all
the APs. Inspired by this, we design the power control factor
of UE k as

ηk =

min
k

(∑M
m=1 tr (Ro

mk)
)

∑M
m=1 tr (Ro

mk)


α

, ∀k, (40)

Algorithm 1 Bisection Algorithm for Solving (42)
1: Initialization: Choose the initial values of tmin and tmax,

where tmin and tmax define a range of relevant values of
the objective function in (42). Choose a tolerance ε > 0.

2: Set t := tmin+tmax

2 . Solve the following convex feasibility
program:{

1
t pk
∣∣tr (AH

k Zk

)∣∣2 > ζk, k = 1, . . .K,
0 6 pk 6 pmax, k = 1, . . .K,

(43)

where ζk =
K∑
i=1

pitr
(
AH

k ΞkiAk

)
+

∑
i∈Pk\{k}

piΓki +

tr
(
AH

k WkAk

)
+ tr

(
AH

k

(
σ2Zk − pkJ

2
k

)
Ak

)
.

3: If problem (43) is feasible, then set tmin := t, else set
tmax := t.

4: Stop if tmax − tmin < ε. Otherwise, go to step 2.

where Ro
mk is given in (7) and 0 < α < 1 denotes the frac-

tional power control parameter. Therefore, the transmission
power pk of UE k can be expressed as pk = ηkpmax. For the
uplink transmission, the fairness of UEs is important and (40)
aims to improve the performance of UEs with poor connection
strength.

2) Max-min SE Power Control: To further improve the
system performance of poor users, we adopt the max-min SE
power control and the optimization problem can be fromulated
as

maxmize
pk

min
k=1,··· ,K

γEMI(1)

k

subject to 0 6 pk 6 pmax, k = 1, . . .K, (41)

where γEMI(1)

k is given by (24). Problem (41) can be equiva-
lently reformulated as

maxmize
pk,t

t

subject to t 6 γEMI(1)

k , k = 1, . . .K,

0 6 pk 6 pmax, k = 1, . . .K, (42)

with t is an auxiliary optimization variable. Consequently,
problem (42) can be efficiently solved by using bisection and
solving a sequence of linear feasibility problems as shown
in Algorithm 1. Note that in Algorithm 1, if we focus on a
reasonable range of the initial upper and lower bounds (i.e.,
tmin = 0 and tmax > max [γk]), we can effectively find a
feasible solution within a few iterations.
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Fig. 2: Average running time against different number of
UEs with different power control methods (M = 10, L = 1,
N = 16, τp = 3, dV = dH = 1

2λ).

Remark 6. The computational complexity of Algorithm 1
is O

(
2K2 + 2K

)
and it is clear that complexity increases

rapidly as the number of users increases. In contrast, the
FPC enjoys a linear complexity but at the expense of some
performance loss. We can find from Figure 2 that the running
times of the two methods increase with the increases of
K, while that of the max-min method scales with K much
faster than that of FPC. As such, in practice, when the
number of UEs is small, exploiting the max-min method is
recommended. However, when the number of UEs is large
or the communication reliability requirement is not stringent,
FPC serves as a better choice.

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we provide some numerical results to verify
the accuracy of the derived analysis and evaluate the perfor-
mance of the RIS-aided CF mMIMO system over EMI and the
spatial correlation of RIS elements. We assume that the APs
and UEs are uniformly distributed in the 0.1 × 0.1 km2 area
with a wrap-around scheme [14], respectively. Moreover, the
RIS is located at the regional center. The height of each AP,
UE, and RIS is 15 m, 1.65 m, and 30 m, respectively. We set
the carrier frequency as 1.9 GHz. Besides, each coherence
block consists of τc = 200 corresponding to a coherence
bandwidth of 200 kHz and τp = 3 are reserved for pilot
transmission. For the path loss, we take AP-RIS as an example
which consists of an LoS path and we utilize the COST 321
Walfish-Ikegami model [16] to compute the path loss as

βm [dB] = −30.18− 26log10

(
dm
1 m

)
+ Fm, (44)

where dm denotes the distance between AP m and RIS.
The Rician κ-factor is denoted as κm = 101.3−0.003dm . The
shadow fading Fm and other parameters is similar to [9] with
Fm =

√
δfam +

√
1− δfbRIS, where am ∼ N

(
0, δ2sf

)
and

bRIS ∼ N
(
0, δ2sf

)
are independent random variables and δf

is the shadow fading parameter. The variances of am and

bRIS are E {amam′} = 2
−

d
mm′
ddc , E {bRISbRIS’} = 2

−
dRISRIS′

ddc ,

0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

1

CF
RIS-CF w/ EMI
RIS-CF w/o EMI
Monte-Carlo

MR LSFD

Fig. 3: CDF of the uplink average SE against different sys-
tems over the MR and LSFD combining methods with EMI
(M = 10, K = 5, L = 1, N = 16, τp = 3, dV = dH = 1

2λ,
ρ = 20 dB).
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1.6

1.8
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Fig. 4: Uplink average SE against the number of AP M over
different numbers of AP antennas with LSFD (K = 5, N =
16, τp = 3, dV = dH = 1

2λ, ρ = 20 dB).

respectively, where dmm′ are the geographical distances be-
tween AP m-AP m′ and dRISRIS′ = 0, respectively, ddc is
the decorrelation distance depending on the environment. We
set δf = 0.5, ddc = 100 m and δsf = 8 in this paper. The
large-scale coefficients of Hm are given by

βLoS
m =

κm

κm + 1
βm, βNLoS

m =
1

κm + 1
βm. (45)

Each AP is equipped with a uniform linear array (ULA)
with omnidirectional antennas so the n-th element of the
deterministic LoS component H̄m ∈ CN×L can be written
as
[
H̄m

]
n,l

=
√
βLoS
m ej2πdH(n−1) sin(θm), where θm is the

angle of arrival from AP m to the RIS and dH denotes the
antenna spacing parameter (in fractions of the wavelength).

The Gaussian local scattering model in [40] is utilized to
generate the spatial correlation matrix Rmk. The Rmk (l, n)-
th element can be written as

[Rmk]ln =
βNLoS
mk√
2πσφ

∫ +∞

−∞
ej2πdH(l−n) sin(θmk+δ)e

− δ2

2σ2
φ dδ,

(46)

where δ ∼ N
(
0, σ2

φ

)
is the distributed deviation from θmk

with angular standard deviation (ASD) σφ. Every UE transmits
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Fig. 5: Uplink average SE for the CF and RIS-aided CF
mMIMO systems against the number of AP M with different
numbers of RIS elements with LSFD (K = 5, L = 1, τp = 3,
dV = dH = 1

2λ, ρ = 20 dB).

4 5 6 7 8 9 10

0.5

1

1.5

2

Fig. 6: Uplink average SE for the CF and RIS-aided CF
mMIMO systems against the number of UE K with different
numbers of RIS elements with LSFD (M = 10, L = 1, τp = 3,
dV = dH = 1

2λ, ρ = 20 dB).

with a power of 23 dBm and the noise power σ2 = 94 dBm.
The fractional power control parameter α = 0.6. As for the
phase shift design of RIS, we take a fixed value that the N
elements phase shift is set equal to π/4 [17].4 Note that only
Figures 9 and 10 consider the power control schemes.

Figure 3 compares the CDF of the uplink average SE for
RIS-aided CF and CF massive MIMO systems under the
random locations of UEs and APs with MR/LSFD combining
methods with EMI. We illustrate the CDF of the uplink SE
by using Monte-Carlo simulations and the proposed analytical
framework. It is clear that the RIS-aided CF system has a
significant gain over the conventional CF system. Meanwhile,
the LSFD achieves a 1.86 times improvement at 95%-likely
points compared with MR combining. Besides, from the
95%-likely points, we know that the EMI harms the system
performance, especially for the UEs with poor performance
while its impact on those UEs with high SE is minimal.

Figure 4 shows the average SE per UE as a function of

4We use UatF bound to derive closed solutions. Since we calculate the
expected value as shown in (23), the phase shift effect of RIS is not significant,
especially when the spatial correlation is weak.
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2.6

Fig. 7: Uplink average SE against the number of AP antennas
L with different EMI powers with LSFD (M = 10, K = 5,
N = 16, τp = 3, dV = dH = 1

2λ).
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Fig. 8: Uplink average SE against the number of RIS elements
N with MR combining and LSFD (M = 10, L = 1, K = 5,
τp = 3, dV = dH = 1

2λ, ρ = 20 dB).

the number of AP M with the different numbers of per
AP’s antennas L with LSFD. It is clear that increasing the
numbers of AP M and AP antennas L can improve the system
performance as the increased number of spatial degrees of
freedom facilitates more efficient beamforming. Moreover, it
is interesting to find that when M = 20, the average SE of
L = 2 achieves a 12.5% gain compared to that of L = 1.
Yet, for L = 8, only 10% of the gain is achieved compared
to that of L = 4, which is much smaller. This reveals that the
potential gains due to the AP antennas are diminishing when
the number of AP antennas is sufficiently large.

Figure 5 and Figure 6 show the average SE per UE as a
function of the number of AP M and UE K with different
RIS elements N with LSFD. It is clear that increasing the
number of RIS elements N can improve the system perfor-
mance as it increases the amount of reflected energy in the
reflected link. Figure 5 shows that as the number of UEs
increases, the system performance decreases, which is caused
by the increased interference among the UEs. Note that the
performance degradation due to the increased number of UEs
can be relieved by increasing the number of RIS elements.
In fact, passive beamforming can achieve better interference
management. This reveals the importance of deploying RIS in
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Fig. 9: CDF of the uplink average SE for the RIS-
aided CF massive system over the MR combining and the
LSFD with EMI (M = 10, K = 5, L = 1, N = 16, τp = 3,
dV = dH = 1

2λ, ρ = 20 dB).
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Fig. 10: CDF of the uplink average SE for the RIS-aided CF
massive system against different EMI power with the LSFD
(M = 10, K = 5, L = 1, N = 16, τp = 3, dV = dH = 1

2λ).

hotspot areas.
Figure 7 shows the average SE as a function of the number

of AP antennas L with different EMI powers with LSFD. It is
clear that the performance gap is enhanced with the increase
of L since an increasing number of AP antennas will cause
the increased EMI power from RIS. In particular, when the
number of AP antennas L is sufficiently large, for example,
compared with L = 14, L = 16 only offers a marginal
performance gain. It reveals that continuously increasing the
number of AP antennas in a CF system to achieve further
system performance improvements is not cost-effective unless
more efficient combining methods are employed at the AP
rather than the MR combining.

Figure 8 shows the average SE as a function of the number
of RIS elements N with MR combining and LSFD. It is
clear that the performance gap becomes smaller and is less
sensitive to the increases of N . It reveals that increasing
the element number of RIS in RIS-aided CF massive MIMO
systems is beneficial to naturalizing the impairment caused
by EMI. Moreover, compared with the MR combining, when
N is larger than 16, the system performance barely increases
and the LSFD behaves similarly after N is larger than 64.
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Fig. 11: Average SE against different sizes of RIS element with
and without EMI over the LSFD (M = 10, L = 1, K = 5,
N = 64, τp = 3, ρ = 20 dB).

Fig. 12: Average SE against different RIS positions with
and without EMI over the LSFD (M = 10, L = 1, K = 5,
N = 16, τp = 3, dV = dH = 1

2λ).

This reveals that with a large number of RIS elements, the
LSFD can still exploit the spatial DoF offered by the RIS in
CF massive MIMO system.

Figure 9 compares the CDF of the uplink average SE for
RIS-aided CF massive MIMO system with MR combining and
the LSFD under different power control schemes. It is clear
that compared with the proposed fractional power control and
the max-min SE power control, we can significantly improve
the SE for the UEs with poor performance. Moreover, jointly
with the max-min power control, the LSFD and MR combining
achieve 25.1% and 20% gains compared with the full power
method at 90%-likely points, respectively. Hence, the max-
min SE power control with the addition of excellent signal
processing methods can further achieve user fairness in the
RIS-aided CF massive MIMO system.

Figure 10 compares the CDF of the uplink average SE for
the RIS-aided CF massive MIMO system against different
EMI powers with LSFD. It is clear that the same as in
Figure 3, the EMI has a severer negative impact on the UEs
with poor performance. In particular, when the EMI is serious,
i.e., ρ = 10 dB, the performance degradation of poor users
is significant even though the max-min SE power control is
applied. This result suggests that when the EMI is strong, it
is not a sensible option for RIS to continue serving all UEs.
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Q2
mk =


tr
(
ΦR̃kΦ

H
[
R̃m

]
(1∼n,1∼n)

)
· · · tr

(
ΦR̃kΦ

H
[
R̃m

]
(1∼n,LN−N+1∼LN)

)
...

. . .
...

tr
(
ΦR̃kΦ

H
[
R̃m

]
(LN−N+1∼LN,1∼n)

)
· · · tr

(
ΦR̃kΦ

H
[
R̃m

]
(LN−N+1∼LN,LN−N+1∼LN)

)
 , (49)

Figure 11 shows the effect of the spatial correlation brought
by the size of the RIS elements on the average SE of the
RIS-aided CF massive MIMO system. It is clear that for the
cases with or without EMI, the system performance is the best
when the element size is of a half wavelength. Moreover, when
EMI is considered, the spatial correlation of RIS has a severer
impact on system performance. This can be explained by (8)
that the power distribution of EMI is affected by the spatial
correlation of RIS. Therefore, the element size of RIS needs
to be carefully designed in practice to reduce the impact of
spatial correlation and EMI on the system performance.

Figure 12 shows the impact of different RIS deployment
locations on the system performance with and without EMI
over LSFD. It is clear that deploying RIS at the center of
the service area can obtain satisfactory system performance
regardless of the presence of EMI. In the absence of EMI, the
system performance in the region is almost centrosymmetric.
However, when there is EMI at RIS, the degradation of the
system performance at the edge is magnified, which reveals
the importance of deploying RIS at the center of the service
area.

V. CONCLUSIONS

In this paper, we investigated the uplink SE of RIS-aided
CF massive MIMO systems over spatially correlated Rician
channels with EMI. Furthermore, we analyzed the uplink SE
with the MR combining at the APs and the LSFD at the
CPU and obtained the analytical closed-form expression with
EMI for characterizing the performance. It is important that
the EMI degrades the performance of the considered systems,
especially for the UEs with unsatisfactory channel conditions,
while the LSFD cooperation is less sensitive to the EMI
compared with MR combining. As such, it is particularly
important to deploy the RIS in a low EMI environment for
RIS-aided CF massive MIMO systems. In addition, increasing
the number of APs and RIS elements significantly improve
the average SE, with diminishing returns when the number of
AP antennas and RIS elements is sufficiently large. Besides,
increasing the number of AP antennas also increases the
negative impact of EMI. Also, increasing the number of RIS
elements is always beneficial as the impairment caused by
EMI can be relieved by the extra spatial DoF brought by the
increasing number of RIS elements. Meanwhile, considering
the existence of EMI, the spatial correlations among RIS
elements impose a severer negative impact on the system per-
formance. Also, we find that designing the element spacing of
RIS as half wavelength can suppress the spatial correlation and
EMI to the greatest extent. Finally, for practical application in
RIS-aided CF scenarios, we proposed the practical fractional

power control in the considered systems to improve the SE
performance of the worst AP and max-min SE power control
scheme for preliminary EMI improvement. In future work, we
will consider the EMI-aware beamforming design to enable the
implementation of RIS-aided CF mMIMO networks.

APPENDIX A
PROOF OF THEOREM 1

This appendix calculates the covariance matrix in (5). To
start with, we express

E
{
õmkõ

H
mk

}
= Rmk + H̄H

mΦR̃kΦ
HH̄m

+E
{
H̃H

mΦz̄kz̄
H
k ΦHH̃m

}
︸ ︷︷ ︸

Q1
mk

+E
{
H̃H

mΦz̃kz̃
H
k ΦHH̃m

}
︸ ︷︷ ︸

Q2
mk

. (47)

To calculate Q1
mk, we let Bk = Φz̄kz̄

H
k ΦH , and Q1

mk is
derived as

Q1
mk = E

{
H̃H

mBkH̃m

}
= E


H̃H

1mBkH̃1m · · · H̃H
1mBkH̃Lm

...
. . .

...
H̃H

LmBkH̃1m · · · H̃H
LmBkH̃Lm

 . (48)

For each element in Q1
mk, we can obtain

E
{
H̃H

lmBkH̃l′m

}
(a)
=tr

(
Bk

[
R̃m

]
(lN−N+1∼lN,l′N−N+1∼l′N)

)
,

where (a) follows by applying the trace of product property,
tr (XY) = tr (YX), for some given size-matched matrices
X and Y. We calculate Q2

mk by applying the same method
as above, then Q2

mk can be obtained as (49) at the top of
this page, where the ll′-th element is obtained as

[
Q2

mk

]
ll′

=

tr

(
ΦR̃kΦ

H
[
R̃m

]
(lN−N+1∼lN,l′N−N+1∼l′N)

)
.

APPENDIX B
PROOF OF THEOREM 2

The covariance matrix in (14) is calculated in this appendix.
First, we express

np
mk =

(
HH

mΦN+Nm

)
ϕ∗

k = HH
mΦNϕ∗

k +Nmϕ∗
k. (50)

Since the noise at different pilot symbol instants is independent
and uncorrelated, the covariance matrix of np

mk can be written
as

E
{
np
mk(n

p
mk)

H
}
=τpE

{
HH

mΦnnHΦHHm

}
+τpE

{
nmnH

m

}
,

(51)
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where n ∼ CN
(
0, Arσ

2
rR
)

denotes the EMI and nm ∼
CN

(
0, σ2IL

)
denotes the noise. The first part can be written

as

E
{
HH

mΦnnHΦHHm

}
= E

{(
H̄m + H̃m

)H
ΦnnHΦH

(
H̄m + H̃m

)}
= E

{
H̄H

mΦnnHΦHH̄m

}
+ E

{
H̃H

mΦnnHΦHH̃m

}
= σ2

rArH̄
H
mΦRΦHH̄m + E

{
H̃H

mΦnnHΦHH̃m

}
︸ ︷︷ ︸

Qm

. (52)

Using the same method as (49), we can obtain

[Qm]ll′ =
[
E
{
H̃H

mΦnnHΦHH̃m

}]
ll′

= σ2
rArtr

(
ΦRΦH

[
R̃m

]
(lN−N+1∼lN,l′N−N+1∼l′N)

)
.

(53)

Then, we can obtain E
{
np
mk(n

p
mk)

H
}
= τpRmm + τpσ

2IL,
where Rmm = σ2

rArH̄
H
mΦRΦHH̄m +Qm.

APPENDIX C
PROOF OF THEOREM 3

The expectations in (23) are calculated here. We begin with
the numerator term as

E {ukk} = E
{[

ôH
1kô1k, · · · , ôH

MkôMk

]T}
=
[
tr (p̂kτpΩ1k)+∥ō1k∥2, · · ·, tr (p̂kτpΩMk)+∥ōMk∥2

]T
.

(54)

Similarly, we compute the noise term as

aHk Dkak = aHk diag
(
E
{
∥ô1k∥2

}
, · · · ,E

{
∥ôMk∥2

})
ak

= AH
k diag (z1k, · · · , zMk)Ak, (55)

where zmk = tr
(
p̂kτpΩmk + ∥ōmk∥2

)
.

The interference term expectation in the denominator of (23)
is

E


∣∣∣∣∣

M∑
m=1

amkô
H
mkomi

∣∣∣∣∣
2


=
M∑

m=1

M∑
n=1

amka
∗
nkE

{(
ôH
mkomi

)H (
ôH
nkoni

)}
, (56)

where E{(ôH
mkomi)

H
(ôH

nkoni)} is computed for all the pos-
sible APs and UEs combinations. We utilize the indepen-
dence of channel estimation at different APs. When m ̸=
n, i /∈ Pk, we obtain E

{(
ôH
mkomi

)H (
ôH
nkoni

)}
= 0. For

m ̸= n, i ∈ Pk\ {k}, we derive E
{(

ôH
mkomi

)H (
ôH
nkoni

)}
=

E
{
ôH
miômk

}{
ôH
nkôni

}
, where

E
{
ôH
miômk

}
=
√
p̂kp̂iτptr

(
Ro

mkΨ
−1
mkR

o
mi

)
, (57)

since E
{
ōH
mkōmie

−jφmkejφmi
}

= 0 and
E
{√

p̂kτp
(
Ro

mkΨ
−1
mk (y

p
mk − ȳp

mk)
)H

ōmie
jφmi

}
= 0.

We repeat the same calculation for AP n and obtain

E
{(

ôH
mkomi

)H (
ôH
nkoni

)}
= p̂kp̂iτ

2
p tr
(
Ro

mkΨ
−1
mkR

o
mi

)
tr
(
Ro

niΨ
−1
nkR

o
nk

)
. (58)

For another case m ̸= n, i = k, we obtain

E
{(

ôH
mkomi

)H (
ôH
nkoni

)}
= p̂2kτ

2
p tr (Ωmk) tr (Ωnk) + tr

(
ōmkō

H
mk

)
tr
(
ōnkō

H
nk

)
+ p̂kτptr (Ωnk) tr

(
ōmkō

H
mk

)
+ p̂kτptr (Ωmk) tr

(
ōnkō

H
nk

)
.

(59)

Similarly for m = n, i = k, we adopt the same method as in
[15] and calculate the following equations

E
{
õH
mkômkô

H
mkõmk

}
= tr

((
p̂kτpΩmk + ōmkō

H
mk

)
Cmk

)
,

(60)

E
{
ôH
mkômkô

H
mkômk

}
= (p̂kτp)

2tr (Ωmk) tr (Ωmk)

+ p̂kτptr ((Ro
mk −Cmk)Ωmk) + p̂kτpō

H
mkΩmkōmk

+ ōH
mk (R

o
mk −Cmk) ōmk + ōH

mkōmkō
H
mkōmk

+ 2p̂kτpō
H
mkōmktr (Ωmk) . (61)

Combining the above two formulas yields the result for m =
n, i = k as

E
{∣∣ôH

mkomk

∣∣2} = p̂2kτ
2
p |tr (Ωmk)|2 + p̂kτptr (ΩmkR

o
mk)

+ ōH
mkR

o
mkōmk + p̂kτpō

H
mkΩmkōmk

+ 2p̂kτptr (Ωmk) ō
H
mkōmk + tr

(
ōmkō

H
mk

)2
.

(62)

Then, for the case m = n, i /∈ Pk, we obtain

E
{∣∣ôH

mkomi

∣∣2} = p̂kτptr (R
o
miΩmk) + ōH

mkR
o
miōmk

+ p̂kτpō
H
miΩmkōmi +

∣∣ōH
mkōmi

∣∣2. (63)

For m = n, i ∈ Pk\ {k}, we obtain

E
{∣∣ôH

mkomi

∣∣2} = p̂kτptr (ΩmkR
o
mi)+tr

(
ōmkō

H
mkR

o
mi

)
+
∣∣ōH

mkōmi

∣∣2+p̂kp̂iτ
2
p

∣∣tr (Ro
mkΨ

−1
mkR

o
mk

)∣∣2.
(64)

Finally, arranging all these equations yields (65) at the top of
the next page.

Then, for the EMI term Uk =
diag(E{∥ôH

1kH
H
1 Φn∥2}, · · · ,E{∥ôH

MkH
H
MΦn∥2}), we

calculate as (66) at the top of the next page. Then first term
can be obtain by Appendix B as

E
{
ōH
mkH

H
mΦRΦHHmōmk

}
=σ2

rArō
H
mkH̄

H
mΦRΦHH̄mōmk

+σ2
rArō

H
mk

[
tr
(
ΦRΦH

[
R̃m

]
(lN−N+1∼lN,l′N−N+1∼l′N)

)]
ll′
ōmk.

(67)

The second term is derived as (68) at the top of the next
page. By combining the first and second terms, we can derive
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E


∣∣∣∣∣
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m=1

a∗mkv
H
mkomi
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o
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H
miΩmkōmi +

∣∣ōH
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o
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M∑
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[
p̂2kτ

2
p |tr (Ωmk)|2 + 2

√
p̂kp̂iτptr (Ωmk) ō

H
mkōmk

]
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M∑
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mkR
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)
tr
(
Ro

nkΨ
−1
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(65)
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the expectation of EMI as

E
{∥∥ôH

mkH
H
mΦn
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= ōH

mkRmnōmk + p̂kτ
2
p tr
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(69)

Finally, combining the above cases, we can derive the expec-
tation of (23).
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